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1. Introduction 



For each even integer k > 2, as a typical example of modular form with 
respect to the elliptic modular group SL2(Z), the (holomorphic) Eisenstein 
series is defined by 

E K (z)(=EP(z)):=Q^- Y, (« + «0"". 

(c,d)GZ 2 , 
gcd(c,d)=l, d>0 

where z £ Sji = {z £ C \ Imz > 0} and £(s) is Riemann's zeta function. It is 
well-known that E K is a holomorphic modular form of weight k with respect 
to SL/2(Z), which possesses the Fourier expansion 



C(i 



m=l 

jk— 1 



where a K _i(m) = X^o<d|m^ K anc ^ 9 = exp(27T\/ — l-z). I n addition, E K 
forms a non-cuspidal Hecke eigenform such that Hecke's L- function L(s, E K ) 
is taken of the form 

L(s, E k ) = ((s)((s-k + 1). 
Let p / 2 be a rational prime. Put 
(1) E^-E^-p^E^pz). 

Then we easily see that E* is also a non-cuspidal Hecke eigenform of weight 
k with respect to the congruence subgroup r (p) C SL 2 (Z) of level p, and 
the Fourier expansion is taken of the form 



-k) 



(2) ^) = ^P^ + E^iM^ 

m=l 
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where C (p) (s) := (1 - P~ s )((s) and a^\(m) := £ <d|m, d 1 *' 1 . It turns 

gcd(d,p)=l 

out that for E*, all the Hecke eigenvalues outside p agree with those of E K , 

but the eigenvalue of Atkin's t/ p -operator (cf. [AL70UMi06] ) is a^-i(p) = L 
Namely, we have 

L(s, E:) = C(s)C ip) (s- K + l). 

This type of p-adic normalization selecting half the Euler factor at p is often 
said to be the ordinary p- stabilization. Here we should mention that every 
Fourier coefficient of E* depends on the weight k p-adically analytically. 
Indeed, for each positive integer m, Fermat's little theorem implies that the 
function k h- > c^-^m) can be extended to an analytic function defined on 
the ring of p-adic integers Z p . In addition, the constant term ^ v \l — k) /2 is 
also interpolated by the p-adic zeta function in the sense of Kubota-Leopoldt 
and Iwasawa p-adically. Thus, we obtain the following: 

Fact 1.1 (cf. [Hi93] §7). Let A := Z p [[A]] be the one-variable power series 
ring over Z p , and C = Frac(A) the field of fractions of A, respectively. Let u : 
Z p -» n P -i(Qp) be the Teichmiiller character, where ^t p -i(Q p ) — (Z/pZ) x is 
the torsion subgroup of Z p , regarded as a Dirichlet character of conductor p. 
Then for each integer < o < p — 1, there exists a formal Fourier expansion 

oo 

E u ,a(x)(= e$(x)) = a ™(^ a ; x )i m G £M] 

such that for each even integer k > 2 with k = a (mod p — 1), we have 

E uia ((i+ P r-i) = E* K . 

Therefore, for a given positive even integer kq > 2, an infinite collection of 
ordinary p-stabilized Eisenstein series' {E^.} K , in which the weights k vary 
under the inequality k > kq and the congruence relation 

K = Ko (mod (p — l)p n ) 

for some positive integer n sufficiently large, is a p-adic analytic family of 
Hecke eigenforms of level p. 

The aim of the present article is to know how to formulate these phenom- 
ena in the case of Siegel modular forms, that is, automorphic form on the 
symplectic group Sp 29 (Q) of arbitrary genus g > 1. To be more precise, for 

the Siegel Eisenstein series E^ with respect to Sp 2s (Z) (to be defined in §2 
below), we define a certain p-stabilization by means of the action of a linear 
combination of Up g {i = 0, 1, • • • ,g), where t/ PjS denotes the generalized f/p- 
operator (cf. Equation (10) below), so that the eigenvalue of J7 Pi5 is equal to 
1. Throughout the article, we refer to it as a semi- ordinary p-stabilization 
according to the same tradition as Skinncr-Urban [SU06J (sec also [Pa00 j 
and [K10]). Moreover, we derive an explicit form of the resulting Fourier 
expansion which can be viewed as a natural generalization of the equation 
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(2) (cf. Theorem 3.2 below). As a consequence of the above issues, we show 
in Theorems 3.5 and 3.6 below that semi-ordinary p-stabilized Siegel Eisen- 
stein series' taken above form a p-adic analytic family of Siegel modular 
forms of genus g and level p in which the weights vary p-adically. 

Acknowledgements. This research was partially supported by the JSPS 
Grant-in- Aid for Scientific Research with the assigned ID 23224001 and 
22340001. 

Notation. We denote by Z, Q, R, and C the ring of integers, fields of rational 
numbers, real numbers and complex numbers, respectively. Let Q denote 
the algebraic closure of Q sitting inside C. We put e(x) = exp(27T\/— Tx) 
for x G C. For a rational prime p, we denote by Q p , Z p and Z* the field 
of p-adic numbers, the ring of integers and the group of units, respectively. 
Hereinafter, we fix an algebraic closure Q p of Q p and an embedding of Q 
into Q p once for all. Let v p denote the p-adic valuation on Q p normalized 
so that v p (p) = 1, and e p the continuous additive character of Q p such that 
e p (x) = e(x) for all x G Q. Let C p be the completion of Q p with respect to 
v p . We also fix, once for all, an isomorphism C4C P such that the diagram 

C A C p 

i l 

is commutative. 

For each integer g > 1, let GSp 2ff be the group of symplectic similitudes 
defined over Q, that is, 

GSp 2g := { M g GL 2g | t MJ 2g M = fi(M)J 2g for some fi(M) G G m } , 

where Jig = ^ °l g Q 9 g ^ with the g x g unit (resp. zero) matrix l g (resp. g ), 
and Sp 2s the derived group of GSp 2s characterized by the exact sequence 

1 Sp 2g -)• GSp 2s A G m -> 1, 

respectively. We note that every real point M = (q £>) £ GSp 23 (lR) with 
/i(M) > 0, where A, B, C, D G Mat gxg (W), acts on the Siegel upper half- 
space 

S) g ■= [Z = X + ^f^\Y G Mat 3X9 (C) | % Z = Z, Y > (positive-definite) } 

of genus g via the linear transformation Z i— > M(Z) = (AZ + B)(C Z + D)^ 1 . 
If F is a function on Sj g , then for each k G Z, we define a natural action of 
M on F by 

(F| K M)(Z) := /i(M)«( s+1 )/ 2 det(CZ + D)- K F(M(Z)). 
For each integer N > 1, put 
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T (N)(9) .= |m G Sp 2 ,(Z) M=( * *) (mod iV)j, 



ri(JV)(») := MeSp 2s (Z) 



M = ( * * ) (mod N) 
u 9 1 -g 



For each k£Z, let us denote by ^# K (ri(AT))( 9 ) the space of classical Siegel 
modular forms of genus g, weight k and level N, that is, C-valued holomor- 
phic functions F on ij g satisfying the following conditions: 

(i) F\ K M = F for any M G F^N)^). 

(ii) For each M G Sp 2s (Z), the function F\ K M possesses a Fourier ex- 
pansion of the form 

(F\ K M)(Z)= Yl A T (F\ K M)e(ti(TZ)), 

Tes ym ;(z) 

where let Sym*(Z) denote the set of all half-integral symmetric ma- 
trices of degree g over Z, namely, 

Sym*(Z) := {T = (Uj) G Sym 9 (Q) | 2^ G Z (1 < i < j < g)}, 
and tr(*) the trace, respectively. Then it is satisfied that 

At{F\ k M) = unless T > (positive-semidefinite) 
for all M G Sp 2g (Z). 

A modular form F G ^ K (Ti(N))^ is said to be cuspidal (or a cusp form) 
if it is satisfied that A T (F\ K M) = unless T > for all M G Sp 29 (Z). 
We denote by y^T^N))^) the subspace of Jt K (Ti(N))^ consisting of 
all cuspidal forms. For each Dirichlet character x modulo N, we denote 
by jr K (T (N), X ) {9) (resp. y K (T {N), X ) (9) ) the subspace of JZ^T^N))^ 
(resp. y K (Ti(N))(^) consisting of all forms F with Nebentypus character 
X, that is, 

F\ K M = X {det D)F for any M = G r (iV) (9) . 

In particular, if X is the principal character, we naturally write 

^ K (T (N))(s) = ^ K (T (N),x) i9) and S* K (T (N))W = J> K (r (N), X ) (g \ 
respectively. 

For each T = (i^) G Sym*(Z) and Z = (zij) G fi g , put 
q T := e (tr(TZ)) = n^ [] g*", 

i=l «<j<9 

where qij = e(zij) (1 < i < j < n). It is easy to see that for each F G 
JK K {T-i{N))^, the usual Fourier expansion 

F(Z)= £ ^(F)q r 

TeSym*(Z), 
T>0 
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belongs to the ring Cfg^ 1 1 1 < i < j < g][[qii, ■ ■ ■ ,Qgg]]- For each commu- 
tative ring R, we write 

R[M® .= R[ q f \l<i<j< g}[[q u ,- • • , q gg }}, 

in a similar fashion as the notation of the ring of formal g-expansions R [[q]] . 
In particular, if F G ^ K {Ti{N))^ is a Hecke eigenform (i.e. a simultane- 
ous eigenfunction of all Hecke operators whose similitude is coprime to N), 
then it is well-known that the field Kp obtained by adjoining all Fourier 
coefficients (or equivalently, all Hecke eigenvalues) of F to Q is a totally real 
number field, to which we refer as the Hecke field of F. Namely, we have 

F € K F [[q]]^ ^ Q[[q]]^ ^ C p [[q]]^. 

For further details on Siegel modular forms set out above, see }AZ95| or 



2. The Siegel Eisenstein series of genus g 

In this section, we review some fundamental properties of the Siegel Eisen- 
stein series of arbitrary genus g > 1. 

Let r be a positive integer. For each rational prime I, let Sym*(Zz) denote 
the set of all half-integral symmetric matrices of degree r over Z/. For each 
nondegenerate S 6 Sym*(Zz), we define a formal power series h{S; X) in X 
by 

h{S- X) := Yl ei (tT(SR))X^\ 

fleSym r (Q()/Sym r (Z!) 

where /jl r = [Zf + ZfR : Zf]. Put D s ■= 2 2[r/2] det S. In particular, if g is 
even, then (-l) r / 2 D 5 = 0, 1 (mod 4), and thus, we may decompose it into 
the form 

(-iy' 2 Q S = i>sf s , 

where Us is the fundamental discriminant corresponding to the quadratic 
field extension Qi({(-l) r/2 V S } 1/2 )/Ql and f s = {(-l) r/2 ©s/f 5> 1/2 E Z,. 
Let xi '■ Qf {il> 0} denote the character defined by 

i if Qi(xV 2 ) = q h 

Xl( x ) = { — 1 if Ql(x 1 ^ 2 )/Qi is unramified, 
if QK^ 1/2 )/Q/ is ramified. 

As shown in jKIMl IPe86| ISh94j . there exists a polynomial Fi(S; X) £ Z[X\ 
such that the formal power series bi(S; X) can be decomposed into 



(3) h{S;X) 



(i-joiBa(i-«»T») ifriseven _ 



l-xK(-i) r/2 det S)Z r / 2 X 



I (1 - X) ]l£i 1)/2 (l " l2tx2 ) F i(S; X) if r is odd. 
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We note that T/(S; 0) = 1, and that Fi(S; X) satisfies the functional equa- 
tion 



(4) F^S; r r - 1 X- 1, 



(ir+i_x- a )-*j(fs)ir,(5 ; X) if r is even, 

r ?i (5)(/( r+1 )/ 2 X)-^( s 's)^( ) 5 ; x) if r is odd, 



where let hi(S) denote the Hasse invariant of S in the sense of Kitaoka, 
(*,*)/ the Hilbert symbol defined over Qj, and 

Vl (S) := hi(S)(detS, (-lf-^detSM-l, -l)f~ 1]l \ 

respectively (cf. Theorem 3.2 in [Ka99j). Thus, Fi(S; X) has degree 2vi(fs) 
or vi(Ds) according as g is even or odd. We easily see that Fi(uS; X) = 
F[(S; X) for each u E Z*. For further details on the above issues, see [Ka99]. 

On the other hand, for a positive integer g, and a positive even integer k 
with k > g + 1, the (holomorphic) Siegel Eisenstein series of genus g and 
weight k is defined as follows: For each Z E fj g , put 

[9/2] 

i=l 

x ^ det(CZ + T>)~ K , 

M =(C D) 6P 29 nS P2 9 ( Z )\ S P2 9 ( Z ) 

where P 2g = {( o* g * ) € GSp 29 }. It is well-known that E ^# K (Sp 29 (Z)) is 
a non-cuspidal Hecke eigenform. Indeed, let us denote the Fourier expansion 
by 

TeSym;(Z), 

r>o 

then for To E Sym*(Z) with rank To = 0, we have 

[9/2] 

(5) A To (E^) = 2-[(9+D/2] C (i _ K ) JJ C (i _ 2k + 2i). 

i=l 

More generally, if T E Sym*(Z) is taken of the form 

T : 



for some nondegenerate T' E Sym*(Z) with < r < g (i.e. rankT = r) 
then we have 

(6) A T (E^) 

[9/2] 

= 2 [(r+l)/2]-tte+l)/2] Yl C(l-2« + 2i) 

i=[r/2]+l 
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X < 



' L(l-K + r/2,(*.))'[[F l {T , i l 1 ™- 1 ) if 

i\f T , 



r is even, 



[jFi(r' ; r M ) if r is odd, 

l\V T i 

where L(s, (-)) denotes the Dirichlet L-function associated with the Kro- 
necker character (-^-) of conductor d. For the convenience in the sequel, 
we make the convention that if rankT = 0, then Dt = 0t = fr = 1) and 
Fi(T; X) = 1. Accordingly, the equation (5) is collapsed into the preceding 
equation (6). 

Finally in this section, we make a few remarks on the aspect of E$ as a 
Hecke eigenform. For each prime Z, let 

(?M4 s) )*(4 ff) )r-- G (C x ) 9+1 /W 9 

denote the Satake parameter of E^ at Z, where W g is the Weyl group 
isomorphic to & g K {±1} 9 . Then the associated spinor L-function is defined 
as follows: 

L( a , tfjM spin) = J] (2j(^; r-)" 1 , 

i:prime 

where Qi(E/£ ; Y) G C[y] denotes the Hecke- Andrianov polynomial defined 
by 

r=l l<ii<---<i r <(; 

If ^ is even, then for each Z, we may take the Satake parameter (ifin(Eji ))o<i<g 
as 

Z (s/2)-(K- ff /2)-(g/2)-(g/2+l)/2 if ^ = Q, 

|-«+fl/2+< if 1 < i < 5/2, 

^ p-g+i-1 if 5 / 2 + 1 < t < 

(cf. |Mu02| ). If g > 1 is odd, the Zharkovskaya identity (cf. |Za74j ) yields 

L(s, spin) = L(s, fito-i), sp in)L( S -K + g, £^-i) , spin), 
and thus, for each prime Z, we have 



(7) 



(8) 



<M4 9) ) 



^,o(4 s_1) ) if * = 0, 
^,i(4 9-1) ) if 1 < i < ^ - 1, 



if i = 



Therefore, regardless of the parity of g, L(s, Eg', spin) is expressed as a 
product of C( s )' s - 
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3. Main results 

Let us fix a rational prime p 7^ 2 once for all. In this section, for each pos- 
itive integer g, we introduce a certain ^-stabilization of the Siegel Eisenstein 
scries El 9) G ^ K (Sp 2g (Z)), which can be viewed as a natural generalization 
of the ordinary ^-stabilization of Ejp (cf. (1)). 

To begin with, we introduce the following two polynomials in X and Y: 

[9/2] 

V p , g (X,Y) := (l-pVXY)H(l-p 2 ^+ 1 X 2 Y), 

i=i 

7e p , 9 (x,y) := fl(i-^ 2 9-j+i)/2 X j Y ). 

In addition, let us denote by TZ Pj9 (X, Y) the reflected polynomial of lZ p , g (X, Y) 
with respect to Y, that is, 

(9) Kp,g{X,Y) := Y 9 TZ Ptg (X, Y -1 ) 

Example 3.1. When g = 1 and 2, a straightforward calculation yields 

f y) = 7^ ;1 (x, y) = 1 - p xy, 

\ V P ,2(X, Y) = K P>2 (X, Y) = (l-p 2 XY)(l-p 3 X 2 Y). 

Hg > 2, thenVp^X, Y) / Hp, g (X, Y), however, P p , g (X, 1) divides Kp, g (X, 1) 
in general. 

On the other hand, recall that if g > 1, the following Hecke operators at p 
are fundamental stuffs in the p-adic theory of Siegel modular forms of genus 
g: For each integer N >1, put 

' r (AO (ff) diag(l, ■ ■ ■ , lp, ■ ■ ■ ,p,p 2 , • • • ,p 2 p, • • • ,p) T (N)W, if 1 < i < g - 1, 



i g—t i g—i 

r (7V)^diag(l,--- ,l,iv ,p)r (JV)(9), if * = flr- 



9 3 

We note if ./V is divisible by p, these operators U P: i, • • • , U p , g -\ and ^7 Pi9 
generate the dilating Hecke algebra at p acting on Siegel modular forms of 
level N. In particular, we are interested in the operator U P;9 which plays a 
central role among them. Indeed, we easily see that if F € ^e(r (JV))(fl) 
with some integers k > and iV > 1, then 

^r«(ro(JV))(ff), i£ P \N, 



F\nUp : g G 
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and the action of U Pt9 commutes with those of all Hecke operators at each 
prime I ^ p. In addition, if F = ^ T>0 i T (i ? )q T € C p [[q]]^, then the 



action of U P: g effects on F as 



(10) 



T>0 



and thus, we may regard it as a natural generalization of Atkin's [/^-operator 
defined in the case where g = 1 (cf. [AL70, Mi06]). For further details on 
the operator U Pt g, see, for instance, [AZ951 |B505| . 

Now, we introduce a p-stabilization of E$ as follows. 

Theorem 3.2. Let k be a positive even integer with n > g + 1. For each 
prime p ^ 2, put 



(11) 



Then we have 

(i) (Ek )* € ^ k (Tq(j>)Y 9 ^ is a non-cuspidal Hecke eigenform such that all 
the eigenvalues outside p agree with those of E/f . Namely, we have 

L<P\s, (E^T, spin) = LM(s, spin), 

where L^\s, e\?\ spin) and Z>)(s, (E { K 9) )*, spin) both denote the spmor 
L- functions with the Euler factors at p removed. 

(ii) If < T € Sym*(Z) is equivalent over 7L p to 









0g- r 



for some nondegenerate T 1 £ Sym*(Z p ) with < r < g, then the T-th 
Fourier coefficient of (E^)* is taken of the form 

A T ({E^T) 

[9/2] 

= 2 [( 7 . + i)/2]-[ (s+ i)/2] Yl C (p) (l-2^ + 2i) 

i=[r/2]+l 

' L(P)(l-K + r/2, J] FKT'; Z^ 1 ) i/ 



x < 



r ?s even, 



n Fi(T'; l K ~ r ~ l ) 



i\f T ,, 
typ 



if r is odd, 



where L^(s, (£)) := (1 



p s )L(s, (I))- In particular, we h 



ave 



(E^y\ K u p , g = {E®y 
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Proof. The assertion (i) is obvious. The assertion (ii) has been already 
proved in |K10| in the case where g is even. For readers' convenience, we 
give a complete proof of it here, which proceeds in the same way as the one 
of Theorem 5.1 (and also Theorem 4.1) in [KlOj. When r = 0, the assertion 
immediately follows from the equation (5) and 



[9/2] 



2«-2i-l\ 



p P , 9 (p K ~ 9 ~\ i) = (i-p k - 1 )U(i-p 

1=1 

Hereinafter, suppose that r > 0. It follows by definition that 

9 



m=0 



U p , g {X,Y) = ^(-l) m sJ{pito-* +1 V 2 Xi\l< j<g})Y°- m , 



where for each < m < g, let s m ({Xi , • • • , X g }) denote the m-th elementary 
symmetric polynomial in X\, • • • , X g , Thus, by the equations (6), (10) and 
(11), we have 



)/2]-[( 5 +l)/2] 



[g/2] 



Yl C(l - 2k + 2») 



i=[r/2]+l 



V P ,g(p K - 9 -\ 1) 



£(-l) m 5 m (V (2 ^ +1)/2 (p K ^ 1 )- ? ' \l<j<9}) F p (p°- m T'; p^- 1 ) 



m=0 



X < 



L(l-K + r/2, 



H F l (T , ;l"- r - 1 ) 
l |D T /, 



H Fi(T'; r^" 1 ) if r is even, 
if r is odd. 



l\f T ,, 



Thus, to prove the assertion (ii), it suffices to show that if p ^ 2, then for 
each nondegenerate T' £ Sym*(Z p ) with < r < g, the following equation 
holds valid: 



m=0 



(12) J2(-l) m sJ{^ 2r -^ 2 X^ 1 1 < j < r}) F p (p r - m T'; X) 



[1 -x P ({-l) r/2 detT')p r / 2 X) ^ p ' r (5' ]} ii' ' i* <'v(<n. 



^p,r(X, 1) 



T^p,r(X, 1) 
I P P ,r(*, 1) 



if r is odd. 



Indeed, the desired assertion follows from the equation (12) immediately 
since its right-hand side is invariant under T' i— > pT' regardless of the par- 
ity of r. On the other hand, Theorem 1 in |Ki86j implies that for each 
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nondegenerate T' £ Sym*(Z p ), the equation 

V F (v m T'- X)Y m - Sp<yT ''' X ' Y ^ 

holds for some polynomial S P (T'; X, Y) £ %[X, Y] (see also Theorem 6 in 
[BS87J). Since the preceding equation yields 

r 

S P (T>; X, 1) = Y,(-^-) m ^{{f {2r ' j+1)/2 X j 1 1 < 3 < r}) F p (p r - m T>; X), 

m=0 

we may reformulate the equation (12) as 
(13) 



S P {T>- X, 1) 



(1 - x P (("l) r/2 detT')f/ 2 X) §^41 if r is even ' 

T^p,r{X, 1) 



V p , r (X, 1) 



if r is odd. 



When r = 1, we easily see that F p (t; X) = X/i=o (P-^-Y f° r each nonzero 
3 have 

F p (pt; X)-pXF p (t; X) = 1 



t 6 Zp. Thus, we have 



np tl (x,i) 



r P ,i(x,i) 

When r > 1, for a given T, let i(T) denote the least integer m such that 
p m T~ l £ Sym*(Z p ). It turns out that for each nondegenerate T G Sym^Zp), 
the polynomial F p (T; X) admits the explicit form 

F P iT- X) 

ten ( Mfr)-i v p (f T )-i-i 

= Y,(p 2x y{ E (p 3 x 2 y-x P (-detT)px y, (p 3x2 y 

i=0 [ j=0 j=0 

(cf. |Kau59l IKa99j ) . Thus a simple calculation yields that 

F p (p 2 T; X)-(p 2 X+p 3 X 2 )F p (pT; X)+p 5 X 3 F p (T; X) = 1- Xp (- det T)pX, 

and hence, the equation (13) also holds for r = 2. Now, let us assume that 
r > 3. We note that every nondegenerate T £ Sym*(Z p ) is equivalent to the 
form 













T 3 



over Z p , where t\, *2 € Z p — {0} and T 3 £ Sym*_ 2 (Z p ) n GL r _2(Q p ) admit 
v p (h) > v p (t 2 ) > i(T 3 ). It follows from Theorem 4.1 in |Ka99j that 

S P (T; X, 1) _ S P (T 3 ; p 2 X, 1) 



1 - X p({-l) r/2 detT)p r / 2 X 1 - x P ((-l) r / 2 ~ 1 detr 3 )p r / 2 + 1 Jf 
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(l-p(r-l){r+2)/2 X r-l^r l _ p r(r+l)/2 X r\ 
x l-p^X 2 

if r is even, and 

(\ _ n (i-l)(r+2)/2jr-lU] _ r(r+l)/2 X r\ 

S P (T; X, 1) = S p (T 3 ; p*X, 1) • , _ p J X 2 " 

if r is odd. (See also §3 of [KaOl].) Thus, by induction on r, we have proved 
that the desired equation (13) holds in general. □ 



Remark 3.3. The statement (i) of Theorem 3.2 insists that the assignment 
Ek i — V (E^)* can be regarded as a p-stabilization generalizing the ordi- 
nary p-stabilization of E^ (cf. §1). When g = 2, Skinner- Urban [SU06] 
dealt with a similar type of p-stabilization so that the resulting eigenvalue 
of U P: 2 is a p-adic unit. Accordingly, we refer to (E^)* as a semi-ordinary 
p-stabilization of E^ even in the case g > 2. However, it should be empha- 
sized that {E^)* does not admit the ordinary condition at p in the sense of 
Hida (cf. [Hi02|lHr04| V Indeed, by equations (7) and (8), there is no way to 
produce from E^ to a simultaneous eigenfunction of U Pt \ • • • , U Pt9 
such that all the eigenvalues are p-adic units. It is because the fact that 
the spherical representation of GSp 2g (Q p ) arising from E$ is a degenerate 
principal series. 

Remark 3.4. Let Q P (E^; Y) G C[Y] be the Hecke-Andrianov polynomial 
of E^ at p (cf. §2), and put 

We easily see that Kp^*- 9 ' 1 , Y) divides Q p (E { K 9) ; Y). Thus, we may 
deduce from Theorem 3.2 (ii) that 

(14) {E^T = VpApK ~ ( 9 ~ 1 \ 1) ■ Ejfi\ K Q* p (E^; U M ), 

q;(e { £ ] ; 1) 

where Q* p {E {9) ; Y) := Y 29 ' 1 Q p (e[ 9) ; Y~ l ). We note that the right-hand 
side of the preceding equation looks quite similar to the ^-stabilization in 
the sense of Courtieu-Panchishkin, which also admits the semi-ordinarity at 
p (cf. Remark 2.5 in [CP04] ). Indeed, these two ^-stabilizations are the 
same up to constant multiples. 



As a straightforward conclusion of Theorem 3.2 above, we have 



SEMI-ORDINARY p-STABILIZATION OF THE SIEGEL EISENSTEIN SERIES 13 

Theorem 3.5. For each positive integer g, and each integer < a < p — 1, 
there exists a formal Fourier expansion 

E#pQ = Yl A T(u a ; X) q T g CMp, 

TeSym;(Z), 
T>0 

where uj is the Teichmiiller character and C = Frac(A), such that for each 
even integer k > g + 1 with k = a (mod p — 1), we have 

Eft ) ((l+p)«-l) = (^)*. 

Proof. For each x 6 Z p x , put (x) = lo(x)^ 1 x G 1 + pZ p . Namely, together 
with the Teichmiiller character u, this projection induces the product de- 
composition Zp — > /i p _i(Qp) x 1 + j>Zp, x i y (w(x), (x)). In addition, for 
each x G 1 +pZ p , put s(a;) := log p (a;)/logp(l +p), where log p is the p-adic 

logarithm function, and thus we have s : 1 + pTL> v — > Z p . On the other 
hand, as is well-known from the work of Kubota-Leopoldt and Iwasawa (cf. 
[Hi93j §3.4-5), for a given quadratic Dirichlet character tp and an integer 
< a < p — 1, there exists <&{il)ui a ; X) G C such that 

$(^ a ; (1 + p) K - 1) = L (p) (l - k, V^ a ~ K ) 

for each integer k > 1. Then for each T = o g _ r j G Sym*(Z) with 

T' G Syn£(Z) n GL r (Q) and < r < g, we define A T (u; a ; X) G £ as 
follows: 

A T (u; a ; X) 

[9/2] 

= 2^ +1 )/ 2 H(s +1 )/ 2 ] [] 3>(uj 2a - 2i ; (l +p )- 2i (l + X) 2 -l) 

i=[r/2] + l 



[] F Z (T'; w°(0r p - 1 (l + X) s( -^) if r is even, 



x < i|f T ', 



] [ Fj(T'; w a (/)/- r - 1 (l+X) s (^)) if r is odd. 

Vp 

By Theorem 3.2 (ii), we easily see that for each even integer k > g + 1 with 
k = a (mod p — 1), we have 

A r (oA (l+p)"-l) = A T ((i#>r). 
This completes the proof. □ 
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By Berthelot's construction (cf. [deJ96] §7), we may associate A to a 
Cp-rigid analytic variety X\, whose C p -valued points are given by 

X\(C P ) = Hom cont (^(;tA),Cp), 

where A(X\) is the topological ring consisting of all C p -rigid analytic func- 
tions on X\. We note that a natural ring homomorphism A — > A{Xj\) 
induces an isomorphism 

Xa(C p ) ^ Hom cont (A,C p ). 

For each positive integer k and each character e : 1 + p r L p — > Q* having 
p-power order, the evaluation map from A to C p , X i-> e(l + p)(l + p) K — 1 
defines a point P Kj£ E X\(C p ) which is said to be arithmetic. In particular, 
if e is trivial (i.e. £ has exact order 1), we will suppress it from the notation 
and write simply P K instead of P Kj£ . Accordingly, every positive integer k 
is identified with an arithmetic point P K E X\(C P ). Therefore, Theorem 3.5 
above is reformulated as follows: 

Theorem 3.6. Let g be a positive integer. For each positive even integer 
kq > g + 1, let U Q X\(C P ) be an affinoid neighborhood containing P K0 . 

Then there exists a formal Fourier expansion E^ } E A(U)[[q\]W such that 
for each P K E U with k > kq, we have 

e$\p k ) = (eM)*. 

Namely, {{E { ° ) )*} Pk g (7 is a semi-ordinary p-adic analytic family of non- 
cuspidal Siegel modular forms (more precisely, Hecke eigenforms) of genus 
g and level p. 

Remark 3.7. Panchishkin [PaOO] has already constructed a similar p-adic 
family of Siegel Eisenstein series' of arbitrary genus g > 2, however, its 
siblings are twisted by a Dirichlet character whose conductor is divisible by 
p. In that case, we may derive the p-adic interpolation properties of Fourier 
coefficients only for < T E Sym*(Z) with gcd(p, det(T)) = 1. On the 
contrary, by virtue of the description of the semi-ordinary p-stabilization for 
(cf. Theorem 3.2), we resolve the p-adic interpolation problem for the 
whole Fourier expansion with no restriction. 

When g = 2, Takemori |Tal2| independently proved that for each integer 
r > 1 and each prime-to-p integer N > 1, a similar statement remains valid 
for the Siegel Eisenstein series of genus 2 and level A^p r with a primitive 
Nebentypus character. In the present article, for simplicity, we have just 
dealt with the case where N = 1, but g > 1 is any given integer. We 
note that by taking into account the presence of a non-trivial Nebentypus 
character from the beginning, the method we use is extendable to the Siegel 
Eisenstein series of genus g and level N > 1 as well. 
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